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This paper deals with a necessary and sufficient condition for the convergence of
Ishikawa iterates of quasi-nonexpansive mapping in a Banach space. The conver-
gence of Ishikawa iterates for nonexpansive mappings in a uniformly convex
Banach space is also discussed. Q 1997 Academic Press
1. INTRODUCTION
There have been a number of recent results on fixed points on nonex-
pansive and quasi-nonexpansive mappings in Banach spaces. In particular,
w xIshikawa 1 introduced a new iteration method to find a fixed point of a
Lipschitzian pseudocontractive mapping. Subsequently, Petryshyn and
w xWilliamson 2 discussed weak and strong convergence of a sequence of
 n .4iterates T x for various special cases of quasi-nonexpansive andl 0
one-set andror one-ball contractive mappings. Their analysis is connected
w xwith the convergence of Mann iterates studied by Dotson 3 . This paper is
concerned with the convergence of Ishikawa iterates of quasi-nonexpan-
sive mappings in a Banach space. Included also is the convergence of
Ishikawa iterates of nonexpansive mappings in a uniformly convex Banach
space. In order to accomplish these objectives, we follow the analysis of
w xPetryshyn and Williamson 2 with certain modifications.
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2. ISHIKAWA ITERATIVE PROCESS
Let B be a Banach space and D a convex subset of B, and let T be a
 4`self-mapping of D. For a x g D, define a sequence x such that0 n ns1
nx s T x , T s 1 y l I q lT 1 y m I q mT , 2.1 .  .  .n l , m 0 l , m
 . w .where l g 0, 1 and m g 0, 1 , so that T s T when m s 0. Thel, m l
 . w xiteration scheme 2.1 was introduced by Ishikawa 1 . In our analysis we
 .assume that m / 0. Further, if T s 1 y m I q mT , T may be writtenm l, m
T s 1 y l I q lTT . 2.2 .  .l, m m
 .Note 1. We denote the fixed point set of T by F T in D and we note
 .  .that F T s F T . This fact simplifies the analysis in the case of conver-l
 4 ngence of the sequence x of iterates by x s T x ,n n l 0
T s 1 y l I q lT . 2.3 .  .l
 .  .In general, F T / F T , but it is easy to observe thatl, m
F T ; F T . 2.4 .  . .l, m
 .  .However, it may be shown that F T s F T if we assume T to bel, m
nonexpansive. Let p be a fixed point of T . This implies that TT P s P.l, m m
Then
5 5 5 5 5 5 5 5Tp y p s Tp y TT p F p y T p s m T y p . 2.5 .m m
 .Since m - 1, then 2.5 implies Tp s p. Thus
F T ; F T . 2.6 .  . .l, m
 .  .  .  .Thus 2.4 and 2.6 imply that F T s F T .l, m
Note 2. If T is quasi-nonexpansive, then T is also quasi-nonexpan-l, m
 .sive only for p g F T . This may be shown as follows. Let x g D and
 .p g F T . Then
5 5T x y p s 1 y l x q lTT x y p .l, m m
s 1 y l x y p q l TT x y p .  .  .m
5 5 5 5F 1 y l x y p q l TT x y p . m
5 5 5 5F 1 y l x y p q l T x y p . m
5 5s 1 y l x y p q l 1 y m x q mTx y p .  .
5 5s 1 y l x y p q l 1 y m x y p q m Tx y p .  .  .  .
5 5 5 5 5 5F 1 y l x y p q l 1 y m x y p q lm Tx y p .  .
5 5 5 5 5 5F 1 y l x y p q l 1 y m x y p q lm x y p .  .
5 5s x y p . 2.7 .
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3. CONVERGENCE CRITERIA
We establish now conditions which ensure the convergence of Ishikawa
iterates. However, it may be noted that these conditions have been
exploited to establish the convergence of Picard iterates and of Mann
 . w xiterates 2.3 as discussed by Petryshyn and Williamson 2 .
THEOREM 3.1. Let D be a closed con¨ex subset of a Banach space B and
T : D ª D be a continuous mapping such that
 .  .i F T / f,
 .  .ii T is quasi-nonexpansi¨ e, i.e., for x g D and p g F T ,
5 5 5 5Tx y p F x y p .
 4 nThen, for a x g D, the sequence x with x s T x con¨erges to a fixed0 n n l, m 0
  ..point of T in D if and only if d x , F T ª 0 as n ª `.n
Proof. The necessity of the conditions is obvious. For sufficiency, we
assume that
lim d x , F T s 0. 3.1 .  . .n
nª`
 4We first show that x is a Cauchy sequence. Given an e ) 0, there existsn
  ..a positive integer N such that for all n G N, d x , F T - er2. Now, forn
any two positive integers l, k we have
5 5 5 5 5 5x y x F x y p q x y p , 3.2 .l k l k
 .  .where p g F T ; F T . For l, k G N we havel, m
5 5 5 l 5 5 N 5 5 5x y p s T x y p F T x y p s x y p 3.3 .l l , m 0 l , m 0 N
and
5 5 5 k 5 5 N 5 5 5x y p s T x y p F T x y p s x y p . 3.4 .k l , m 0 l , m 0 N
 .  .  .Substituting 3.3 and 3.4 into 3.2 gives
5 5 5 5x y x F 2 x y p ,l k N
 .whence, by taking infimum over p g F T , we derive, for l, k G N,
5 5x y x F 2 d x , F T - e . 3.5 .  . .l k N
 4This implies that x is a Cauchy sequence and hence converges to a fixedn
point x in D, since D is a closed subset of Banach space B. Further, since
 .  .T is continuous on D, then F T ; D is closed. Hence result 3.1 implies
 .that x g F T . This completes the proof.
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We recall now the definitions of asymptotic regularity and demi-com-
w xpactness, respectively, due to Browder and Petryshyn 4, 5 .
DEFINITION 3.1. Let D be a closed subset of a Banach space B. If
T : D ª D is a mapping such that
5 n nq1 5Tx y Tx ª 0 as n ª `, 3.6 .
 .then T is said to be asymptotically regular at a point x g D. If 3.6 holds
for all x g D, then T is called asymptotically regular on D.
DEFINITION 3.2. Let D be a closed subset of a Banach space B. A
mapping T : D ª D is called demicompact at j g D if, for any bounded
 4sequence x in D such that x y Tx ª j as n ª `, there exists an n n
 4  4subsequence x of x and an x in D such that x ª x as k ª ` andn n nk k
x y Tx s j . T is called demicompact on D if it is so for each subset
j g D.
w xThe following result is due to Petryshyn and Williamson 2 . They
 .utilized it in establishing the convergence of iterates 2.3 .
 w x.THEOREM 3.2 Petryshyn and Williamson 2 . Let D be a closed subset
of a Banach space B and T : D ª D be a continuous mapping such that
 .  .i F T / f,
 .ii T is quasi-nonexpansi¨ e,
 .iii T is asymptotic regular at x g D,0
 .  4 5 . 5iv for a sequence y ; D with I y T y ª 0 as n ª ` implyn n
lim inf d y , F T s 0, 3.7 .  . .n
nª`
 4 nthen the sequence x with x s T x con¨erges to a fixed point of T in D.n n 0
 .  .Proof. Let p g F T . Then by ii we have
5 5 5 nq1 5 5 n 5 5 5x y p s T x y p F T x y p s x y p . 3.8 .nq1 0 0 n
 .  .Taking the infimum over p g F T , we derive, from 3.8 ,
d x , F T F d x , F T , 3.9 .  .  . .  .nq1 n
   ..4which implies that the sequence d x , F T is nonincreasing. Since T isn
asymptotically regular at x , then0
n nq15 5 5 5T x y T x s x y Tx s I y T x ª 0 as n ª `. .0 0 n n n
 .Hence, from iv ,l we observe that
lim inf d x , F T s 0. 3.10 .  . .n
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   ..4Again, since d x , F T is nonincreasing, thenn
lim d x , F T s 0. 3.11 .  . .n
nª`
 4Thus from Theorem 3.1 it follows that x converges to a fixed point of T.n
4. CONVERGENCE CRITERIA IN UNIFORM CONVEX
BANACH SPACES
Before we discuss the convergence criteria we show that the mapping
T is asymptotically regular. We now recall the following lemma due tol, m
w xDotson 3 . This will be used to establish our result.
LEMMA 4.1. If the sequences s and t are in the closed unit ball of an n
 4  . 4uniformly con¨ex Banach space and z s 1 y a s q a t satisfiesn n n n n
5 5lim z s 1, where 0 - a F a - b - 1, thennª` n n
5 5lim s y t s 0.n n
nª`
THEOREM 4.1. Let D be a bounded closed con¨ex subset of a uniformly
con¨ex Banach space B and T : D ª D be a nonexpansi¨ e mapping. Then the
mapping T is asymptotically regular.l, m
w x w xProof. First, we observe from the results of Kirk 6 and Browder 7
that a nonexpansive self-mapping T of a bounded closed convex set in a
 .uniformly convex Banach space has a fixed point, that is, F T / f. Next,
 .  .we observe that F T s F T , since T is nonexpansive.l, m
 4Let x be an arbitrary point of D. Construct a sequence x where0 n
n  .  .x s T x . Let p g F T s F T . Then we haven l, m 0 l, m
5 5 5 nq1 5 5 n 5 5 5x y p s T x y p F T x y p s x y p ,nq1 l , m 0 l , m 0 n
5 54 5 5which implies that the sequence x y p is nonincreasing. Let x y pn n
 . 5 5ª d G 0 as n ª `. If d s 0, then x ª p, implying x y x ª 0 asn nq1 n
n ª `. Then the asymptotic regularity of T is obvious. Let d ) 0. Setl, m
 . 5 5  . 5 5 s s x y p r x y p , t s TT x y p r x y p , and w s x yn n n n m n n n nq1
. 5 5 5 5 5 5 5 5p r x y p , where s s 1, t F 1, and w F 1 and l s a . Thenn n n n n
1 y a x y p q a TT x y p .  .  .n n n m n
5 5lim z s limn 5 5x y pnª` nª` n
5 5x y p dnq1s lim s s 1.
5 5x y p dnª` n
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This implies that
x y p y TT x y p .  .n m n
5 5lim s y t s limn n 5 5x y pnª` nª` n
s 0 by Lemma 4.1.
5 5 5 5This shows that x y x s l TT x y x ª 0 as n ª `. Thus T isnq1 n m n n l, m
asymptotically regular. This completes the proof.
Remark 4.1. If m s 0 in Theorem 4.1 we get the corresponding result
w xfor T , which has been established by Browder and Petryshyn 4 . However,l
note that the above result is true even when T is quasi-nonexpansive.
Indeed, we get the following theorem:
THEOREM 4.2. Let D be a con¨ex subset of a uniformly con¨ex Banach
 .space B and T : D ª D be a mapping such that F T / f. Further, if T is
quasi-nonexpansi¨ e, then T is asymptotically regular.l, m
The proof can be established exactly in the same way as in Theorem 4.1.
w xThe case m s 0 was discussed by Petryshyn and Williamson 2 .
THEOREM 4.3. Let D be a bounded closed con¨ex subset of a uniformly
con¨ex Banach space B and T : D ª D be a nonexpansi¨ e mapping such that
it satisfies any one of the following conditions:
 .  .a I y TT maps closed sets in D into closed sets in B,m
 .b TT is demicompact at u .m
 4 nThen, for x g D, the sequence x with x s T x con¨erges to a fixed0 n n l, m 0
point of T in D.
 .  .Proof. Since T is nonexpansive, F T s F T / f. Further, T isl, m l, m
quasi-nonexpansive. From Theorem 4.1 we observe that T is asymptoti-l, m
 .  .cally regular. Thus T satisfies conditions i ] iii of Theorem 3.2. If wel, m
 .can establish condition iv also, then the proof will be complete.
 .To do so, we assume that a is satisfied. Further assume that there is a
 4 5 . 5sequence y in D with I y T y ª 0 as n ª `. If G is a closure ofn l, m n
 4  . y , then G is a closed subset of D, since I y T s l I y TT , I yn l, m m
.  .  .T G is closed because of condition a . Hence u g I y T G. Thenl, m l, m
 .there is an element y* g G such that I y T y* s u and there exists al, m
 4  4subsequence y of y such that y ª y* as k ª `, implyingn n nk k
  ..lim inf d y , F T s 0. Hence the conclusion of the theorem isnª` n l, m
obvious.
 .  .Next, we suppose that b holds. We show that condition iv of Theorem
 .3.2 is implied by b . First note that TT is asymptotically regular sincem
 .  4I y T s l I y TT . Then for any sequence y in D with y y TT yl, m m n n m n
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 4 Uª u as n ª `, there exists a subsequence y of y and a y such thatn nj
 .y ª y* as j ª ` with y* y TT y* s u . Hence y* g F T andn m l, mj
  ..   ..d y , F T ª 0 as n ª `, implying lim inf d y , F T s 0. Thusn l, m nª` n l, mj
the theorem is proved.
 .  .Remark 4.2. The conditions a and b in Theorem 4.3 are indepen-
w xdent; see Petryshyn and Williamson 2 . However, if T is continuous and
TT is demicompact, then the mapping I y TT maps closed boundedm m
 w x.subsets of D into closed subsets of B see Opial 8 .
THEOREM 4.4. Let D be a bounded closed con¨ex subset of a uniformly
con¨ex Banach space B and T : D ª D be a nonexpansi¨ e mapping. If there
exists a number k ) 0 such that
T y TT x G k d x , F T , for each x g D , 4.1 .  . . .m
 4 nthen, for arbitrary x g D, the sequence x with x s T x con¨erges to a0 n n l, m 0
fixed point of T in D.
 .Proof. It suffices to establish the condition iv of Theorem 3.2 only
 .  4 5 . 5from 4.1 . Let y be a sequence of D with I y TT y ª 0 as n ª `.n m n
 .   .. Then 4.1 implies that d y , F T ª 0 as n ª `, since I y T s l I yn l, m
.  .  .  .TT and F T s F T . Thus the condition iv of Theorem 3.2 ism l, m
satisfied by T and the theorem follows.l, m
Remark 4.3. Theorems 4.3 and 4.4 have been established by Petryshyn
w xand Williamson 2 when m s 0.
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